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Introduction to Core Decomposition in Single-
Layer Graphs

Core decomposition is a technique used to analyze the structure of a graph
by breaking it down into subgraphs based on vertex degrees. For a graph G =
(V,E), a k-core is the maximal subgraph in which each vertex has at least degree
k. This method simplifies the search for the densest subgraph by focusing on
dense regions of the graph. The densest subgraph (DSG) is often contained
within the highest density k-core observed during this decomposition process.

FirmCore for Multilayer Graphs

The FirmCore method for multilayer graphs extends the concept of core de-
composition to accommodate the complexities of multilayer graph structures.
Multilayer graphs, unlike traditional single-layer graphs, incorporate multiple
layers of connections, each representing a distinct type of relationship among
the same set of nodes. Formally, a multilayer graph G = (V,E1, E2, ..., EL)
comprises a set of nodes V and sets of edges Ei in each layer i.
FirmCore identifies influential nodes by considering their connectivity across
layers. It introduces a parameter α to balance the influence of individual lay-
ers. An α-FirmCore constitutes a subgraph where each node satisfies specific
minimum degree requirements across layers, as determined by α.
Expanding upon this method, FirmCore goes into detailed analyses of node con-
nectivity patterns across layers. It identifies nodes that serve as pivotal points,
bridging different layers and facilitating effective information flow throughout
the multilayer graph. This approach offers insights into the structural and func-
tional aspects of multilayer networks, enabling applications in diverse domains
such as social network analysis, biological network modeling, and infrastructure
management.
Moreover, the FirmCore method incorporates considerations beyond mere de-
gree requirements, encompassing additional metrics to assess node centrality

1



and influence. These metrics may include measures of betweenness central-
ity, closeness centrality, or other relevant network properties. By leveraging
such comprehensive assessments, FirmCore provides a nuanced understanding
of node importance within multilayer graphs.
In practical applications, FirmCore facilitates tasks such as targeted market-
ing, community detection, and anomaly detection within complex networked
systems. By identifying key nodes that maintain essential connections across
layers, FirmCore helps to optimize resource allocation, enhancing communica-
tion efficiency, and mitigating network vulnerabilities.
Overall, FirmCore represents a valuable tool for analyzing the intricate struc-
tures of multilayer graphs and uncovering critical nodes that drive network dy-
namics and functionality across different domains. Its versatility and robustness
make it a valuable asset in the arsenal of network analysis techniques.

Extending Core Decomposition Technique to Mul-
tilayer Graphs Using FirmCore

To find the DSG in a multilayer graph using FirmCore, follow these detailed
steps:

1. Core Decomposition in Each Layer:

• Step 1.1: Perform core decomposition independently for each of the
L layers. This process produces a set of k-cores for each layer i,
denoted as Ki

k, where k ranges from 0 to the maximum degree in the
i-th layer.

(a) Initialize k = 0.

(b) Remove all vertices with degree less than k in layer i.

(c) Increment k and repeat until no more vertices can be removed.

2. Constructing the FirmCore Multilayer:

• Step 2.1: Define a parameter α = (α1, α2, ..., αL) that balances the
importance of each layer.

• Step 2.2: For each possible combination of k-cores from different
layers, construct a multilayer subgraph that meets the degree re-
quirements defined by α. The α-FirmCore, denoted as Kα, is the
resulting subgraph.

(a) For each node v ∈ V , calculate the weighted sum of degrees
across layers:

L∑
i=1

αi · di(v) ≥ k

where di(v) is the degree of v in the i-th layer and αi is the
weight of the i-th layer.
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(b) Include nodes and edges that satisfy this condition in the Firm-
Core.

3. Identifying the Maximum Density Subgraph (DSG) During De-
composition:

• Step 3.1: During the construction of the α-FirmCore, monitor the
density of the resulting subgraphs. The density of a multilayer sub-
graph can be defined as the sum of the degrees across all layers.

Density(S) =

∑L
i=1 |E′

i|
|V ′|

where E′
i is the set of edges in the i-th layer within subgraph S, and

V ′ is the set of nodes in S.

• Step 3.2: Record the maximum density subgraph observed during
this decomposition, denoted as Dmax.

4. Focused Search Within the FirmCore:

• Step 4.1: Assuming that the DSG is contained within the FirmCore
with the highest observed density, narrow down the search to the
subgraph induced by the nodes in Dmax.

• Step 4.2: Apply local optimization techniques or more sophisticated
algorithms to precisely identify the DSG within this reduced search
space.

– Optimization Techniques:

∗ Iterative Refinement: Continuously adjust the subgraph by
adding or removing nodes to increase density.

∗ Local Search: Explore neighboring subgraphs to find denser
configurations.

5. Optimization and Verification:

• Step 5.1: Perform detailed verification to ensure that the identified
DSG meets the required density conditions. Use iterative refinement
to make small improvements to reach an optimal solution.

(a) Calculate the current density of the subgraph.

(b) Check if adding or removing any node increases the density.

(c) Repeat until no further improvements can be made.

3



Detailed Algorithmic Explanation

Execution of Core Decomposition

For each layer i of the multilayer graph, core decomposition can be executed
using the following algorithm:

1. Initialization:

• Start with k = 0.

2. Vertex Removal:

• Identify and remove all vertices with degree less than k.

3. Degree Update:

• Update the degrees of the remaining vertices.

4. Increment k:

• Increase k and repeat the process until no more vertices can be re-
moved.

Combination of k-Cores for FirmCore

Combining the k-cores from different layers involves calculating a combined
degree for each node:

1. Degree Calculation:

• For each node v, calculate the weighted sum of degrees across all
layers:

L∑
i=1

αi · di(v) ≥ k

where di(v) is the degree of v in the i-th layer and αi is the weight
assigned to the i-th layer.

2. Subgraph Formation:

• Form the subgraph by including nodes and edges that satisfy the
combined degree requirement.

Conclusion

Extending the core decomposition technique to multilayer graphs using Firm-
Core effectively reduces the search space for the densest subgraph by focusing
on dense regions identified across multiple layers. This method balances the in-
fluences of various layers through the parameter α, allowing for a targeted and
efficient search for the DSG within the densest FirmCore observed. The de-
scribed approach ensures that the DSG is identified by considering the complex
interdependencies between the layers of the multilayer graph.
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Reasoning Behind Using Core Decomposition and
FirmCore for Multilayer Graphs

The decision to use core decomposition and extend it to multilayer graphs with
the FirmCore method is based on several key observations and objectives. Here’s
a detailed explanation of the reasoning behind this approach and why it is
chosen:

1. Efficiency in Reducing Search Space

Single-Layer Graphs:

• In single-layer graphs, core decomposition is an efficient way to reduce the
problem space when searching for dense subgraphs. By identifying k-cores,
we can focus on subgraphs where each vertex has a minimum degree of k.
This significantly reduces the number of vertices and edges to consider,
making the search for the densest subgraph (DSG) more tractable.

Multilayer Graphs:

• For multilayer graphs, the challenge is more complex due to the presence
of multiple types of connections (layers). Extending core decomposition
to multilayer graphs using FirmCore helps in similarly reducing the search
space. By considering cores across layers, we can focus on subgraphs where
nodes have sufficient connectivity in multiple contexts, thereby narrowing
down the regions where the DSG is likely to be found.

2. Balancing Multiple Layers with FirmCore

Multilayer Complexity:

• Multilayer graphs capture various types of relationships among the same
set of nodes. Each layer may represent different kinds of interactions,
such as social ties, communication patterns, or collaboration links. Simply
applying core decomposition independently to each layer would ignore the
interdependencies and cumulative effects of these interactions.

FirmCore Method:

• The FirmCore method introduces a parameter α to balance the impor-
tance of each layer. This parameter allows us to combine the core decom-
positions of individual layers in a way that reflects their relative signifi-
cance. By setting α, we can control the influence of each layer, ensuring
that the resulting subgraph (FirmCore) adequately represents dense re-
gions considering all types of interactions.
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3. Identification of Dense Subgraphs Across Layers

Density Consideration:

• The primary goal is to find the densest subgraph, which in a multilayer
context means high connectivity across multiple layers. FirmCore ensures
that we consider nodes and edges that are densely connected not just in
isolated layers but in an integrated manner across all layers.

Tracking Maximum Density:

• During the FirmCore construction, we monitor the density of subgraphs.
Density here is typically a weighted combination of the number of edges in
each layer, ensuring that we are focusing on regions of the graph that are
densely connected overall. By recording the maximum density subgraph
observed, we can identify promising candidates for the DSG.

4. Optimization and Refinement

Narrowed Search Space:

• Once the FirmCore with the highest observed density is identified, the
search space for the DSG is significantly reduced. This allows for more
detailed and computationally intensive optimization techniques to be ap-
plied within this smaller, more relevant region.

Iterative Refinement:

• With a focused search space, iterative refinement and local search tech-
niques can be effectively used to fine-tune and precisely identify the DSG.
These techniques involve making small adjustments to the subgraph to
gradually increase its density, ensuring that the final subgraph meets the
desired density criteria.

Summary

Why Choose This Approach:

1. Efficiency: Core decomposition reduces the search space, making the
problem more manageable.

2. Comprehensive Consideration: FirmCore balances the influence of
multiple layers, ensuring that dense regions are identified considering all
types of interactions.

3. Focused Optimization: By narrowing down to the most promising re-
gions, more sophisticated optimization techniques can be effectively em-
ployed to find the DSG.
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Overall Goal: The overall goal is to identify the densest subgraph in a multi-
layer graph efficiently and accurately. Using core decomposition and FirmCore
allows us to leverage the structure of the graph to reduce the complexity of
the problem and focus our computational efforts on the most relevant regions.
This approach ensures that we consider the multifaceted nature of the data
represented by the multilayer graph, leading to more meaningful and accurate
results.
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